Gravitational collapse of cold dark matter leads to infinite-density caustics that seed the primordial dark-matter halos in the large-scale structure. The development of these caustics begins, generically, as an almost one-dimensional phenomenon with the formation of pancakes. Focusing on the onedimensional case, we identify a landscape of so far unknown singularities in the particle acceleration that emerge after the first crossing of particle trajectories. We complement our fully analytical studies by high-resolution N-body simulations and find outstanding agreement, particularly shortly after the first crossing. We develop the methods in 1D but outline briefly the necessary steps for the 3D case.
Introduction.-Singularities are essential features in many disciplines, and their mathematical modelling sometimes comes with dramatic consequences. An important example are critical phenomena in phase transitions, which can be classified by their singularities (e.g., in the heat capacity); eventually, they have been successfully described by the renormalization group approach [1] . Singularities are also central in the field of optics [2, 3] , where they prominently appear as caustics, giving rise, for example, to the ornate pattern of light on the seafloor as it passes through the waves on the surface.
In cosmology, caustic formation is the core process for making up the cosmic large-scale structure. At the particle level, infinite-density caustics result from shellcrossing, the crossing of cold dark matter (CDM) trajectories. Once particles have crossed for the first time, the single-stream flow enters into the multi-stream regime. Subsequently, secondary gravitational infall commences, inducing many more shell-crossings that lead to a proliferation of streams, and eventually to virialized structures.
Using an approximate nonlinear theory of gravitational instability, the Zel'dovich approximation (ZA; [4] ), some of the singularities have been classified in the early 80s [5, 6] . However, singularities in the particle acceleration, which we report in the present Letter, remained undetected as the ZA is an acceleration-free model for the nonlinear collapse, thereby being effectively blind to the phenomenon of secondary gravitational infall.
Central to the analysis of [5, 6] , as well as ours, is the use of Lagrangian-coordinates approaches to gravitational instability that allow to investigate singularities in a tractable manner. The ZA is the lowestorder Lagrangian-coordinates approximation to the cosmological fluid equations (the single-stream case of the Vlasov-Poisson equations), which furthermore becomes exact in 1D [7, 8] , as long as multi-stream flow has not yet appeared. Beyond 1D, higher-order approximations should be incorporated, and the corresponding framework is dubbed Lagrangian perturbation theory (LPT) [9] [10] [11] [12] [13] [14] [15] . In LPT the particle trajectory, or like-wise the displacement field, is the only dynamical variable, which is expanded perturbatively. Recently, the first nontrivial shell-crossing solutions in LPT have been identified [16, 17] . Even more recently, numerical evidence of convergence of LPT in 3D until shell-crossing was outlined in Ref. [18] .
Nonetheless, even higher-order LPT is not able to predict secondary gravitational infall, due to the well-known breakdown of the cosmological fluid equations at the first shell-crossing. Instead the evolution of CDM is governed by the multi-stream Vlasov-Poisson equations. Following broadly in the footsteps of the initial studies [19] [20] [21] , in this Letter we develop and exploit a theory for solving Vlasov-Poisson, thereby allowing us to detect so far unknown singularities. Details to the differences and further results are provided in a follow-up paper [22] . For the time being, we assume a Universe in 1D; the corresponding solutions play an important role in cosmology, mainly because 3D shell-crossings generically begin as almost 1D phenomena with the formation of pancakes [23, 24] . Notwithstanding, our theoretical tools are to a large extent scalable to any dimensions with only mild modifications. We shall come back to this in the conclusions.
Setup.-We restrict our analysis to an Einstein-de Sitter (EdS) cosmology, where the Universe is spatially flat and only filled with a CDM component. A cosmological constant and/or departing from spatial flatness can be easily incorporated if needed (cf. [25] ). We denote by q → x(q, τ ) the Lagrangian map from initial (τ = 0) position q to current position x at time τ , where τ is not the cosmic time t but is proportional to t 2/3 . We make use of comoving coordinates x = r/a, where r is the proper space coordinate and a the cosmic scale factor (for an EdS universe a = τ ). The velocity is expressed in terms of the convective time derivative of the map, i.e., v(x(q, τ ), τ ) = ∂ τ x(q, τ ) =:ẋ(q, τ ). The Lagrangian evolution equation and the associated Poisson equation are respectively (see e.g. [26] )
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where δ := (ρ −ρ)/ρ is the density contrast; δ and ϕ explicitly depend on the map x(q, τ ). Both theoretical and numerical N-body methods aim to solve those two equations, however with at least one substantial difference, namely that in N-body methods the density contrast is approximated by summing up N discrete particles over a fixed volume. By contrast, the theory of [20] uses a Green's function approach of nonlocal nature, while we determine the density, using the Dirac-delta "δ D ", as
which is amenable to local evaluations. The identity (2) is known (e.g. [27, 28] ) however is used implicitly before shell-crossing, except in [21, 29] . Observe that Eqs. (1) are invariant under the non-Galilean coordinate transformation x → x + ζ 0 (τ ), where ζ 0 is an arbitrary function of time. This symmetry group has been first identified in [30] , subsequently investigated in [12] and recently rediscovered in [31, 32] for deriving large-scale consistency relations. In the present context, we rather follow [12] and use the symmetry to enforce the following center-of-mass condition for the Lagrangian
where T stands for Torus. We emphasize that, in contrast to [12] , we employ this physical condition also beyond the single-stream regime; it then becomes nontrivial with interesting consequences. Solution strategy and the initial conditions.-Equations (1) can be easily combined into a single equation by first taking the Eulerian divergence of the former. Converting the remaining Eulerian derivatives according to
where (4) in space from 0 to q, we then arrive at our evolution equation for the Lagrangian displacement field,
Here, S(x(q, τ )) := q 0 F (x(q , τ )) dq is the integrated multi-streaming force, and ξ c (τ ) := ξ(q = 0, τ ) is an integration constant which, as we show, is generally nonzero in multi-streaming regions, by virtue of the center-ofmass-condition (3). To solve (5), we provide growingmode initial conditions [33] , at τ = 0,
where c is a coefficient and h.o.t. denotes higher-order terms. Four remarks are in order. Firstly, we include a ∼ q 4 term, implying that in some sense we go one order higher than Refs. [19, 20] . Secondly, we assume that c is sufficiently small, which has the advantage that we can simplify some expressions by linearization. Thirdly, in principle, a higher-order term ∼ q 6 should be added in (6) to maintain the zero-average condition (3) in the single-stream regime. Lastly and most importantly, as we shall see, in the presence of a nonzero c in (6), a singular boost emerges at the first shell-crossing, as a consequence of maintaining the zero-average condition (3).
Recovering the Zel'dovich solution.-In the singlestream regime the integral in F simplifies as there is only a single root x(q, τ ) = x(q , τ ) that contributes to the integral, yielding an inverse ∂ q x; thus F = 0 and so is its integral, S = 0. Hence, Eq. (5) reduces to R τ {ξ−ξ c } = 0. Furthermore, due to the absence of asymmetries in the evolution equation, we have, by virtue of the center-ofmass condition (3), that ξ c = 0. Thus, the evolution equation can be solved with the initial condition (6), and we recover the well-known Zel'dovich solution [4, 7] x ZA (q, τ ) = q + τ ξ
The Zel'dovich solution is only valid until the time of first shell-crossing, denoted with τ , that is when the particle trajectory loses its single-valuedness and CDM enters into the multi-stream regime. For topological reasons (see Fig. 1 ), the first appearance of ∂ q x ZA = 0 marks this turning point, which, as is well known, is accompanied with an infinite density (cf. Eq. (2)):
It is easily checked that for the considered initial conditions, the first shell-crossing occurs at τ = 1 at q = 0, for sufficiently small c.
Post-shell-crossing dynamics.-To make progress on the analysis after shell-crossing, we introduce an iterative scheme for (5) in which the evolution of the post-Zel'dovich (PZA) displacement, ξ PZA , is driven by an integrated force resulting from the Zel'dovich flow, i.e.,
in the first iteration, where explicitly S ZA (q, τ ) := q 0 F (x ZA (q , τ )) dq . Our iteration scheme is related to the one of [20] but there are differences; detailed comparisons and higher-order iterations will be presented in [22] .
To determine ξ PZA , we first need to solve for S ZA , which amounts to finding the vanishing arguments of δ D [x ZA (q, τ ) − x ZA (q , τ )], and expressing the roots in terms of q. Shortly after shell-crossing, and given that c is small, there are three physical roots q 1 , q 2 and q 3 , implying that F (x ZA (q)) = [∂ q x ZA (q)]{1/|∂ q x(q 1 )| + 1/|∂ q x(q 2 )| + 1/|∂ q x(q 3 )|} − 1. For small positive c, the positions of the three roots are slightly shifted to the left, which can be calculated in perturbation theory, yielding q min/max = ± 2(1 − 1/τ ) − 8c(1 − 1/τ ), to first order in c. For convenience, we have marked those values by red dots in Fig. 1 . Before determining ξ PZA , let us derive the integration constant ξ c (τ ).
We apply the center-of-masscondition (3) to the evolution equation (8) , which amounts to integrating the latter in q from −π to π, i.e.,
where M (q, τ ) := R τ ξ c (τ ) − (3/2)S ZA (q, τ ). The l.h.s. of (10) must vanish by virtue of (3) and the fact that the integration commutes with the temporal operator, leaving us with 0 = π −π M (q , τ ) dq . We note that S ZA (Eq. (9)) in M is only defined piecewise, rendering the averaging procedure nontrivial. We propose to tackle this by the Ansatz ξ c = ξ 1 + ξ 2 + ξ 3 , where the individual ξ 1,2,3 are the solutions of the individual branches. For the single-stream regime we have from above ξ 1 = 0. For the other two we have R τ ξ 2 = − (3/2)sign(q) D(q, τ, c) , and R τ ξ 3 = − 9q/2 , where the brackets denote the spatial average weighted by the total length l of the spatial integration domain (e.g., for ξ 3 , l = q min − q max ). To first order in c, we find R τ ξ 2 = 18c(1 − 1/τ ), and R τ ξ 3 = 36c(1 − 1/τ ). Supplemented with the boundary conditions at shell-crossing ξ 2 (τ = 1) = 0,ξ 2 (τ = 1) = 0, and same for ξ 3 , we obtain (τ ≥ τ min ) ξ c (τ ) = − 18c 5 10 + 8τ −3/2 − 15/τ − 3τ .
As we see, ξ c is an effective time-dependent boost that switches on only after shell-crossing. The lower panel in Fig. 1 shows the combined effect of the boost ξ c and the integrated multi-streaming force, M = R τ ξ c − (3/2)S ZA . After τ , the boost leads to the non-analytic movement of a particle that is initially at q = 0 (right panel in Fig. 2) , an effect that cannot be obtained from the ZA. Some indications of that boost, for random initial conditions, have been computed numerically in [21] ; see their Fig. 5 .
Having obtained the integrated force term and the boost, Eq. (8) can be solved by the method of variation of constants, ξ PZA = λ(τ )τ + µ(τ )τ −3/2 , with boundary conditions provided at shell-crossing, i.e., ξ PZA (τ = 1) = ξ
ZA is given in Eq. (6) . Detailed calculations are presented in the followup paper [22] , and lead to our main analytical result, where f (q, τ ) := 11 20 q 4 τ − 36 5 q 4 Fig. 1 we have shaded the ascending (ASC) and descending (DES) multi-stream branches, while the singlestream branch (SIN) has no shading.
Asymptotics and singularities in space and time.-Singularities in the PZA displacement (12) could originate from two distinct sources, either by (a) explicit nonanalytic features within the piecewise defined branches of the map, and/or by (b) discontinuities that arise when "glueing" the branches together. Related to (a), it is easily checked that the only non-analyticity within the branches arise when the discriminant D vanishes, which occurs at τ com . Related to (b), two other singularities are revealed at τ min .
To identify the (a)-type singularity it suffices to limit ourselves to c = 0. Indeed, a vanishing discriminant D is achieved by freezing the space dependence in D and investigating small discrepances δτ > 0 around τ com from above. Taylor-expanding the term with the discriminant around δτ then leads to the identification of a δτ 5/2 singularity. Similarly, by freezing the time and varying q, one finds spatial singularities at q comax/comin with exponent 5/2. Physically, what happens is that a spectator particle near q comax/comin crosses a caustic at the current (Eulerian) position.
The (b)-type singularities are expected to occur at τ min . One of those singularities stems from glueing the ascending and descending multi-stream branches together, for which purpose it suffices to set c = 0. Taylor-expanding around small temporal discrepancies near τ min , we find that the third-order time derivative flips sign, indicating that the third derivative of ξ is discontinuous, thereby marking a singularity of ξ ∼ (τ − τ min ) 3 θ (τ min − τ ). Similarly, we find that also the third spatial derivative of the map is discontinuous, thus implying spatial singularities near q min/max of exponent 3.
Lastly, a nontrivial singularity originates from ξ c (Eq. (11)), which is driven by a forcing asymmetry (from c = 0 in the initial conditions); this manifests itself through the loss of analyticity at the first shell-crossing, thereby resulting in a nontrivial phase transition. Indeed, the boost ξ c "switches" from off to on (∝ δτ 3 ), once multi-streaming develops (see right panel in Fig. 2 ). Consequently, a particle that is initially at q = 0 will remain there until τ , but then the first time-derivative of its acceleration receives a non-analytic kick, jumping from 0 to a finite number.
The (a)-type and first (b)-type singularities are shown in the first panel of Fig. 2 (c = 0) , while the second (b)type singularity is displayed in the third panel, for c = 0.1. We confront these findings against high-precision numerical simulations; the results are marked by dots in Fig. 2 . The respective code, which we make publicly available, 1 is a one-dimensional, symplectic time-integrating scheme that determines the force by an efficient particle sorting algorithm. Periodic initial conditions with vanishing mean are provided by the ZA. Most runs were performed with around 10 4 time-steps and particles, though for detecting the singularity stemming from ξ c , temporal and spatial resolutions of up to 10 5 have been used.
